
PH 201Classical MechanicsAug-Dec 2004; Sriram Ramaswamy
Assignment 8, due Mon 29 Nov 2004

Although you may discuss the problems together, please don’t copy each other’s solu-
tions or lift the solutions from a book. This labour-saving device will prove costly in the
long run.

Problem 1:
Write down the Hamiltonian for a projectile of massmmoving in a constant gravitational
field −gẑ. Solve the time-dependent Hamilton-Jacobi equation for this system and thus
obtain the well-known parabolic trajectory.

Problem 2:
Consider a particle of massm moving (in three dimensionsx, y, z with r2 ≡ x2 +y2 +z2)
in a potential

U(r) =
K
r

+Ez (1)

whereK andE are constants. Separate variables in the Hamilton-Jacobi equation for this
problem, using the parabolic coordinatesu, v, φ defined byx =

√
uvcosφ, y =

√
uvsinφ,

z= (u−v)/2.

Problem 3:
A particle with coordinateq and massmmoves in a potentialU(q) = U0 tan2(αq). Trans-
form to action-angle variables and find the frequency of oscillation as a function of the
energy.

Problem 4:
Find and classify all fixed points of the following sets of differential equations. That is,
calculate the eigenvalues of the matrices governing small perturbations about the fixed
points, state whether the real parts are positive or negative, mention relations between
the imaginary parts, say if the fixed points are stable, unstable, elliptic, hyperbolic etc.
Remember: in the Hamiltonian examples discussed in class you could have only the latter
two. Not all the examples discussed below are Hamiltonian dynamics, so you can have
fixed points that attract or repel in all directions (no area preservation).Check which
ones if any are Hamiltonian.

(a)

ẋ = x+y−x(x2 +y2)
ẏ = −x+y−y(x2 +y2) (2)

In this part, also consider the behaviour if the initial values ofx andy are large. Combine
this with the results of your stability analysis to guess the long-time behaviour of the
system.

(b)

ẋ = −y+x(x2 +y2)
ẏ = x+y(x2 +y2) (3)

In this part, show that the linearised analysis of perturbations about suggests that the
coordinates will circulate about(0,0). Show that this guess is wrong: calculate the rate
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of change ofr2 ≡ x2 + y2 from the equations and show thatr reaches infinity in a finite
time!

(c)

q̇i = pi , i = 1,2

ṗ1 = −q1−2q1q2

ṗ2 = −q2−q2
1 +q2

2 (4)

Problem 5:
This was what I already assigned in class.

(a) For the logistic mapxn+1 = λxn(1−xn) discussed in class: Find the fixed points,
check their stability as a function ofλ. Show that for some range ofλ after the nonzero
fixed point loses its stability, the second iterate of the map has a nonzero, stable fixed
point. Check where this loses its stability. Numerically generate as much as possible of
the “bifurcation diagram” I showed in class. In particular, study it in detail forλ = 4.

(b) We discussed in class the Arnol’d Cat map

xn+1 = xn +ynmod1,

yn+1 = xn +2ynmod1. (5)

Iterate this map a few times and show how a small circular region near(0,0) transforms
under repeated application of this map.
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